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DISTRIBUTED ADAPTIVE GAUSSIAN MEAN
ESTIMATION WITH UNKNOWN VARIANCE:
INTERACTIVE PROTOCOL HELPS ADAPTATION'

By T. Tony CA1 AND HoNGJT WEI
University of Pennsylvania

Distributed estimation of a Gaussian mean with unknown variance
under communication constraints is studied. Necessary and sufficient
communication costs under different types of distributed protocols
are derived for any estimator that is adaptively rate-optimal over
a range of possible values for the variance. Communication-efficient
and statistically optimal procedures are developed.

The analysis reveals an interesting and important distinction among
different types of distributed protocols: compared to the independent
protocols, interactive protocols such as the sequential and blackboard
protocols require less communication costs for rate-optimal adaptive
Gaussian mean estimation. The lower bound techniques developed in
the present paper are novel and can be of independent interest.

1. Introduction. Distributed statistical analysis is becoming increas-
ingly important and challenging, as distributed data sets naturally arise in
a range of applications due to size constraints, security concerns, or privacy
considerations. For large-scale data analysis, communication costs can be
expensive and become the main bottleneck in the learning process. When
communication resources are limited, it is important to understand the in-
terplay between the communication constraints and statistical accuracy in
order to construct optimal estimation and inference procedures under the
communication constraints.

Significant recent effort has been made to gain fundamental understand-
ing of distributed estimation. For example, Zhang et al. (2013); Garg et al.
(2014); Braverman et al. (2016); Han et al. (2018); Barnes et al. (2019b) de-
veloped lower bound techniques for distributed parametric estimation. Zhu
and Lafferty (2018); Szabé and van Zanten (2018); Cai and Wei (2020);
Szabo and van Zanten (2020); Cai and Wei (2021); Szabé et al. (2020) con-
sidered information-theoretical limits under communication constraints for
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various distributed problems, such as Gaussian mean estimation, linear re-
gression, nonparametric regression and testing. Optimality results have been
established under different communication constraints. Besides theoretical
analysis, progress has also been made on developing practical methodologies
for distributed estimation. See, for example, Kleiner et al. (2014); Deisen-
roth and Ng (2015); Lee et al. (2017); Diakonikolas et al. (2017); Jordan
et al. (2019); Battey et al. (2018); Fan et al. (2019).

In the present paper we study distributed adaptive Gaussian mean esti-
mation with unknown variance in a decision-theoretical framework. This is a
basic yet fundamental distributed estimation problem. Gaussian mean esti-
mation with known variance has been intensively studied in the distributed
setting. See, for example, Garg et al. (2014); Braverman et al. (2016); Barnes
et al. (2019b); Cai and Wei (2020). The optimality results in these papers
were established in the non-adaptive setting where the variance of Gaussian
observations is known a priori, and the estimation procedures and statistical
lower bound arguments critically depend on the knowledge of variance. In a
wide range of statistical applications, the variance of the observations is un-
known and the procedures and results developed in the aforementioned pa-
pers are no longer applicable. Adaptive Gaussian mean estimation with un-
known variance is technically challenging, and differs significantly from the
non-adaptive setting. Understanding distributed adaptive Gaussian mean
estimation with unknown variance also provides insight into other related
statistical problems including distributed density estimation and distributed
nonparametric regression with random design.

The primary goal of the present paper is to precisely characterize the min-
imal communication costs for adaptive Gaussian mean estimation without
prior knowledge of variance under different types of distributed protocols,
and construct communication-efficient estimators. Our analysis shows that
the case of unknown variance differs significantly from the case when o2
is known. In particular, in sharp contrast to the known variance case, the
behaviors of adaptive Gaussian mean estimation with unknown variance are
very different under the independent and interactive protocols.

1.1. Distributed estimation framework and distributed protocols. We be-
gin by introducing a general framework for distributed estimation by giving
a formal definition of transcript, distributed estimator, and distributed pro-
tocols. Let P = {Py¢ : 0 € ©,§ € Z} be a parametric family of distributions
supported on space X, where 6 € O is the parameter of interest and £ € =
are nuisance parameters. Suppose there are m local machines and a central
machine, where the local machines contain the observations and each local
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machine has access only to data in that machine, and the central machine
produces the final estimator of # under the communication constraints be-
tween the local and central machines. More precisely, suppose we observe
i.i.d. random samples drawn from a distribution Fy¢ € P:

iid

Xi f;J'ng, izl,...,m,

where the i-th local machine has access to X; only.

On each machine, because of limited communication budget, the obser-
vation X; on the i-th local machine needs to be processed to a uniquely
decodable binary string Z;. The resulting string Z;, which is called the tran-
script from the ¢-th machine, is transmitted to the central machine. Finally,
after all transcripts 21, ..., Z,, are generated, a distributed estimator 6 is
constructed on the central machine based on the transcripts Z1, ..., Zn,

0=0(21,.... 7).

The rules and constraints related to how transcripts can be constructed,
which is called distributed protocol, has a lot of different variety. we
are primarily interested in three different types of distributed protocols:
independent protocol, sequential protocol, and blackboard protocols:

e Independent protocol. The local machines simultaneously gener-
ate transcripts and then send them to the central machine. The ¢-th
transcript only depends on the observation X; on the i-th machine,
so it can be expressed by Z; = II;(X;) with some (possibly random)
function II;. Let |Z;|; denote the length of transcript Z;. The class of
independent protocols with total communication cost B is defined as

Aznd(B) = {é : é = é(Zl, ceay Zm), Zl = Hl(Xl),Z = 1, ...,m,z ‘Zz‘l S B}
=1

e Sequential protocol. The local machines sequentially send tran-
scripts to the next local machine, and finally the central machine
collects all the transcripts. The transcript Z; sent by the ¢-th local
machine depends on local observation X; and the previous transcripts
Z1, ..., Zi—1, which can be written as

Z; =1Li( X4, Z1, .oy Zi—1)

where II; is a (possibly random) function. The class of sequential pro-
tocols with total communication cost B is defined as

m
-Aseq(B) = {9 . 9 = H(Zl, ceay Zm>, Zz = Hz(Xl, Zl, ceey Zi_l),i = 1, ey M, Z |Zz’l S B}
=1
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e Blackboard protocol. The local machines communicate via a pub-
licly shown blackboard. When a local machine writes a message on the
blackboard, all other local machines can see the content. Finally, the
central machine collects all the information and outputs the final es-
timate. The total length of the messages written by all local machines
is at most B bits. Similarly, we denote the class of blackboard proto-
cols with total communication cost B as A, (B), where the estimator
is obtained by a blackboard protocol with total communication cost
S 1Zili < B. Tt is clear by definitions that the sequential protocols
can be considered as a special kind of blackboard protocols.

Independent protocols are considered as non-interactive whereas se-
quential and blackboard protocols are considered as interactive protocols.
See Kushilevitz (1997); Barnes et al. (2019a) for further discussion on these
communication protocols.

1.2. Main results and our contribution. If a distributed Gaussian mean
estimator achieves the same mean squared error as the optimal central-
ized estimator (up to a constant factor) over a range of possible value of
the variance, we call it rate-optimal adaptive Gaussian mean estimator.
The present paper first establishes the lower bounds for the communication
costs of rate-optimal adaptive Gaussian mean estimators under the inde-
pendent, sequential or blackboard protocols respectively. The lower bounds
serve as a benchmark for the communication-efficiency of any rate-optimal
adaptive Gaussian mean estimator. We then develop estimation algorithms
that use the minimal communication cost to achieve the statistical optimal
rate of convergence. With the matching upper and lower bounds, we derive
the necessary and sufficient communication costs for rate-optimal adaptive
Gaussian mean estimators under the independent, sequential or blackboard
protocols respectively.

The results exhibit interesting new phenomena. First, the behavior of
adaptive Gaussian mean estimation with unknown variance differs signifi-
cantly from the distributed estimation problem with known variance. Com-
pared to the non-adaptive minimax rate in the case of known variance es-
tablished in Cai and Wei (2020), there is a cost of adaptation in communica-
tion budget for Gaussian mean estimation under the independent protocols,
whereas no additional communication budget is needed for adaptation un-
der the interactive protocols. Moreover, it is somewhat surprising that the
minimal communication cost for distributed adaptive Gaussian mean esti-
mation under the non-interactive and interactive protocols are different. To
the best of our knowledge, this is the first example in statistical distributed
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estimation showing that interactions could help with estimation.

The technical tools developed in the present paper to prove the main
theorems are novel and can be of independent interest. Most of the existing
lower bound techniques are universal for all types of distributed protocols,
and also lack the ability to study adaptation over nuisance parameters. The
proof of the lower bound under the independent protocols (Theorem 1) are
dedicated for adaptive estimation under the independent protocols with a
non-information theoretic approach.

1.3. Related Literature. As mentioned earlier, distributed Gaussian mean
estimation has been intensively studied in the setting of known variance.
Zhang et al. (2013); Garg et al. (2014) analyze the distributed estimation
problems under the independent protocols. Braverman et al. (2016) applied
a strong data processing inequality to obtain lower bounds under the black-
board protocols. Kipnis and Duchi (2017) considers distributed estimation
with one-bit measurements under the independent and sequential protocols.
Han et al. (2018); Barnes et al. (2019b) proposed non-information theo-
retic approaches to obtain lower bounds for distributed estimation. Cai and
Wei (2020) established a sharp minimax rate of convergence for distributed
Gaussian mean estimation with known variance under the independent, se-
quential, and blackboard protocols. In particular, the results show that the
optimal rates are the same under the three protocols when ¢? is known.

The behavior of estimation problems under various types of distributed
protocols has been studied in two different settings. One common setting is
that i.i.d. data are distributed over different machines. For example, Braver-
man et al. (2016); Barnes et al. (2019b) developed unified approach to estab-
lish lower bounds for distributed estimation in this setting under indepen-
dent, sequential, and blackboard protocols. More recently, Acharya et al.
(2020) proposed private-coin protocol and public-coin protocol and show
that they have different behavior in a distributed Gaussian signal detection
problem. Another setting is that data are drawn from different distributions
on different local machines. Various two-sample estimation and testing prob-
lems have been considered in this setting. Xiang and Kim (2013); Liu (2021)
showed that in independence testing problem and two-sample joint density
estimation problem, interactions between local machines improve statistical
accuracy and communication-efficiency, compared to the classical one-shot
communication approaches.

An emerging topic in distributed estimation is the interplay between com-
munication constraints and adaptation. The focus so far has been mainly on
adaptive nonparametric function estimation with unknown smoothness in
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the distributed setting. Szabo and van Zanten (2020); Cai and Wei (2021)
showed that additional communication budget is required in order to achieve
adaptation in distributed nonparametric function estimation under the in-
dependent protocols. This is in sharp contrast to the classical centralized
setting where global adaptation can be achieved for free over a wide range
of smoothness classes (Donoho and Johnstone, 1995; Johnstone, 2017).

1.4. Organization of the paper. We finish this section with notation and
definitions. We first formulate the problem in Section 2. Then we derive
the minimal communication cost for rate-optimal adaptive Gaussian mean
estimation under the independent protocols in Section 3 and establish the
minimal communication cost for rate-optimal adaptive Gaussian mean es-
timation under the sequential and blackboard protocols in Section 4. The
numerical performance of the proposed distributed estimators is investigated
in Section 5. Further research directions are discussed in Section 6 and the
proofs of main theorems and lemmas are provided in Section 7.

1.5. Notation and definitions. For any a € R, let |a| denote the floor
function (the largest integer not larger than a), and [a] denote the ceiling
function (the smallest integer not smaller than a). Unless otherwise stated,
we shorthand log a as the logarithm to the base 2 of a. For any a,b € R, let
a Ab = min{a,b} and a V b £ max{a,b}. We use a = O(b) or equivalently
b = Q(a) to denote there exist a constant C' > 0 such that a < Cb, and we
use @ < b to denote a = O(b) while b = O(a). We use 7[,4(7) to denote
the truncation function, which is the projection of x onto [a, b]. Define the
density of a Gaussian distribution with mean 0 and standard deviation o as

1 a2

2no

Po(x) =

and the tail probability of a standard Gaussian distribution with mean 0
and standard deviation 1 as

B(x) = P(N(0,1) > &) = /Oo \/12?e_y22dy.

2. Problem Formulation. In this section, we formulate the statistical
problem of distributed Gaussian mean estimation with unknown variance 2.
Suppose there are m local machines, on the i-th machine there is an i.i.d.

normal observation: N
X; "N (9, 0%).
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The goal is to optimally estimate § € [0,1] without knowing o2 under a
certain distributed protocol with total communication constraint B. In other
words, the estimator needs to be adaptive to the unknown variance o2.
In the conventional centralized settings, the minimax risk of restricted
Gaussian mean estimation is given in Bickel (1981):
2 4 2
inf sup E(6 —0)% = 7 - 47720—2 +0(0?) = T AL
0 6€l0,1] m m m
The above quantity serves as a benchmark for the Gaussian mean esti-
mation problem. For a given g > 0, we call distributed estimator 0 a rate-
optimal adaptive estimator if there exists a constant C' > 0, not depending
on o, o0 or m, such that for any ¢ > 0g, we have

2
sup E(0 —6)? <C’<U/\1>.
6€0,1] m

Such distributed estimators are consider as statistically optimal and adap-
tive estimators as it achieves the centralized-setting-optimal rate of conver-
gence over a wide range of o.

At a high level, let Py, = {Py, = N(0,02) : 6 € [0,1],0 € [00,00)}
be the Gaussian location family with unknown variance. The distributed
estimation problem of 6 is considered with nuisance parameter o.

Setting a lower bound o > oq is necessary. This is due to the fact that
no distributed estimator with a finite total communication cost B is able to
achieve the optimal rate of convergence over all o > 0. With total commu-
nication cost B, the mean squared error of any distributed estimator is at
least of order 2728 due to discretization error, however, the optimal rate of
convergence for Gaussian mean estimation is of order %2 As a result, when
o is extremely small, any distributed estimator cannot attain optimal rate
of convergence. Therefore, there is no distributed estimator with finite com-
munication cost that can be rate-optimal adaptive with all possible positive
real number o. A lower bound on ¢ is needed here to make the problem well-
formulated. With smaller lower bound o, the distributed estimator needs
more communication cost in order to be adaptive over the range o > oy,
and the estimating procedure would be also different. In the real data appli-
cation, people needs to choose oy as a priori, depending on prior knowledge
on the dataset or the communication budget. See also Remark 5 for further
discussion on oy.

Throughout this paper, we assume 0 < g < % When og > %, the solution
to the problem is essentially identical to the case oy = % See Remark 3 for
further explanation.
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3. Optimal Adaptive Estimation under the independent proto-
cols. We consider in this section adaptive distributed estimation under the
independent protocols. We begin by establishing a lower bound for the min-
imax relative efficiency under the independent protocols with a given com-
munication budget. A rate-optimal adaptive distributed estimator is then
constructed. It is shown that the proposed estimator achieves the minimum
communication cost among all rate-optimal adaptive estimators, as is shown
by the matching lower bound.

3.1. Lower bound analysis. 1t is difficult to directly derive the minimal
communication cost for rate-optimal adaptive estimators. In our analysis,
we first analyze the statistical performance of the estimators in the class
Aing(B). Then we argue that only when the communication budget B is
larger than a certain value, a distributed estimator in A;,4(B) can possibly
be a rate-optimal adaptive estimator. This leads to a lower bound for the
communication cost among the rate-optimal adaptive estimators.

We use the relative efficiency as a measure for the statistical performance
when we derive the lower bound. The relative efficiency for an estimator 6
is defined as

r(0,0,0) = <i A 1)_1 E(6 — 0)?

which indicates the gap between the mean squared error of the estimator 6
and the optimal rate of convergence when data are drawn from N (6, c?).

We consider the minimax relative efficiency under the total communica-
tion constraint B:

Rina(oo,B) =  inf sup r(é,@,a).
0cAinq(B) 0€[0,1],0>00
The quantity R;n,q(00, B) is a benchmark for the limit of estimation accuracy
under the independent protocols with the total communication constraint
B, when ¢? is unknown.

The relative efficiency is closely related to rate-optimal adaptive estima-
tors. According to the definition, 0 is a rate-optimal adaptive estimator over
o > 0y, if and only if the maximum relative efficiency for the estimator 0 is
bounded by some constant C, i.e.

o? -t
sup < A 1) EH —6)* < C.
0€[0,1],0>00 \ T

REMARK 1. As a contrast, the conventional distributed minimax risk

~inf sup  E(0 —6)?
0€Ainq(B) 0€(0,1],0>00
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is not a good proxy to study because the estimation problem becomes more
difficult when o2 is large. When ¢ is sufficiently large, say, o > y/m this min-
imax mean squared risk is bounded away from zero according to centralized
minimax rate given in Bickel (1981).

The following theorem provides a lower bound on the minimax relative
efficiency for estimators in A;,q(B).

a1
THEOREM 1. If B > 70, there exists a constant ¢ > 0, not depending
on g, 0,0 or m, such that

mlogai
Rina(oo, B) > c TO AL

The techniques used to prove Theorem 1 are novel and can be of indepen-
dent interest. Roughly speaking, our goal is to prove that there must exist
o > og and 6,9 such that the central machine cannot tell whether the data
are drawn from N (0 — d,02) or N (6 + 6,02) by only looking at these tran-
scripts. To accomplish this goal, we give an upper bound on the integrated
squared Hellinger distances over different choices of # and o:

J
I—ZZ/V H (21X ~ N (0 — Aoj,02); Zi|Xi ~ N(6 + Aoy, 02)) df

where 01,09, ...,0; are carefully chosen different levels of o, A is a tuning
constant factor. H2(Z;| X; ~ N(6— Ao, 0]2.); Zi| Xi ~ N(0+ Ao, 0]2-)) denotes
the squared Hellinger distances between distribution of Z; if X; ~ N(6 —
Aoj, 0]2) and distribution of Z; if X; ~ N(0 + )\aj,ajz). If I is proved to be
small, then there must exist some 6 and o; such that

> H?(Zi|X; ~ N(0 — \oj,03); Zi| Xi ~ N(0 + Aoy, 07))
i=1

is small, and then we can conclude that the central machine does not have
enough information to distinguish whether the data are drawn from N (6 —
/\Uj,ajz) or N(6 + )\Jj,O'Jz-). This will give a lower bound on the relative
efficiency R;nq(00, B). The above technique can be summarized into the

following lemma:
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LEMMA 1. Let J > 0 be an integer. Let A > 0,0 < o0p <01 < ...<0j_1
satisfy Aoj_1 < %. If for any distributed estimator 0 € A;pq(B), we have

m J-1 1— )\O'J J
I= ZZA 2(Zi|X; ~ N(0 — Xoj,03); Zi| X; ~ N(0 + Ao, ]))degi,
i=1 j=0“"%j

then there exists a constant ¢ > 0 such that
Rind(00, B) > cX*m

Theorem 1 gives a lower bound on the relative efficiency for all distributed
estimators from A;,4(B). Note that a rate-optimal adaptive estimator should
have bounded relative efficiency, the following Corollary 3.1 can be directly
derived from Theorem 1.

COROLLARY 3.1. If an estimator 6 € Aina(B) is a rate-optimal adaptive
estimator, that is, there exists a constant C > 0 such that

2
E(0 —6)? <C’(m/\1> for all o > oy.

Then there exists a constant ¢ > 0 (which only depends on C) such that

1
B > cmlog —.
a0
The above corollary states that the minimum communication cost needed
for a rate-optimal adaptive estimator is of order m log Uio

3.2. Optimal estimator under the independent protocols - éq. We now
construct a communication efficient rate-optimal adaptlve estimator under
the independent protocol. The optimal estimator 0 makes use of mlog =
total communication budget to achieve the centrahzed optimal rate of con—
vergence for all o > oy.

The estimator éq can be constructed by the following steps.

Step 1: Generating transcripts. Let d = ollogz00] et S; denote the
following grid of interval d between —1 — d and 2:

Sq={-1-d,-1,-1+d,—-1+2d,..,2— d,2}.
Let Z; be the quantized version of X; and then truncate in [—1,2]. That is,

“1-d if X, < —1
Zi=14 2 if X; >2
max{z € S;: 2 < X;} if —1<X; <2
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In the third case when —1 < X; < 2, Z; is the maximum number in S; that
is less than or equal to X;. Since Z; has only 3/d + 2 possible values, it can

be encoded using at most log (% + 2) < log (U% + 2) bits.
Step 2: Estimation. The central machine receives the transcripts 21, ..., Z,

from the local machines. Let Z;) < ... < Z(,;,) be the order statistics of
21,y ...y Z. First, we calculate & by

o0 if Z(10.84m1) — Z(0.16m]) < 00
0 =19 Z(0.84m]) = Z([0.16m)) if 00 < Z([0.84m7) = Z(|0.16m)) < 1
1 it Z(10.84m1) = Z(l0.16m]) > 1

Then, let & = min{27% : 1 > 27% > 4,k is an integer}, i.e. the minimum
number that is power of 2 and also larger than 6. Let L = max{kd : ko <
Z(|0.16m)), k is an integer}, i.e. the largest multiple of & that is less than or
equal to Z(|o.16m|)- Similarly we define R = max{kG : kG > Z([0.84m]), k is an integer},
i.e. the smallest multiple of ¢ that is larger than or equal to Z(o.g4m7)- Let
pr, = % >y Iyz,<1y be the proportion of transcripts that is less than L,
and pr = % Yoy Iiz,>ry be the proportion of transcripts that is larger
than or equal to R,
Finally, recall that ®(-) denotes the tail probability of a standard Gaussian
variable, let (éq, G4) be the solution to the equations:

0, — L 1
¢<qA )ZﬁL\/7
o m

.y 1
@(RA q)ZﬁR\/.
O'q m

The above equation always has one unique solution where éq € [L, R], we

take this éq as the final estimate.
It is easy to verify that the above estimator éq € Aina (m log ((%0 + 5))

The next theorem establishes an upper bound on its mean squared error,
showing that the estimator is rate-optimal adaptive over o > oy.

THEOREM 2. There exists a constant C > 0, not depending on og, o, 0
or m, such that

~ 0'2
sup  E(§,-0)*<C < A 1) .

0€[0,1],0>00 m
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REMARK 2. The construction of the estimator éq is involved. A more
straightforward and simpler estimator is the quantization-then-average es-
timator proposed in Zhang et al. (2013). However, it can be shown that the
quantization-then-average estimator is not even consistent when each local
machine has only limited communication budget, because the quantization
bias (EZ; — 0) is not exactly zero if one just rounds the observations to a
certain precision on the local machines. As a result, when the number of ma-
chines m — oo, the estimation error will not converge to zero. Therefore, a
more sophisticated procedure such as éq is necessary to achieve the optimal
rate of convergence with the communication constraint.

REMARK 3. The above estimator éq is designed under the assumption
that 0 < op < % When oy > %, we can use the estimator for the case
o9 = %, which is rate-optimal adaptive estimator over ¢ > oy. The total
communication cost is of order m, which cannot be further reduced because
each machine needs to transmit at least one bit in order to involve its obser-
vation into the estimation procedure. The choice of % is for convenience; it
can be changed to any positive number and all the results hold with minor
modifications.

REMARK 4. Corollary 3.1 and Theorem 2 together show that the neces-
sary and sufficient communication cost for a rate-optimal adaptive estimator
is of order mlog Uio bits. The order of communication cost of the estimator

éq cannot be further reduced. Compared to the minimax rate of convergence
for non-adaptive Gaussian mean estimation established in the previous com-
plementary work Cai and Wei (2020), the communication cost for adaptive
Gaussian mean estimation is larger, so there is a cost of adaptation under
the independent protocols.

REMARK 5. The construction of adaptive estimator éq requires knowl-
edge of the lower bound o for unknown o, which seems unnatural. However,
as Theorem 1 suggests, if one lets 09 — 0, the required communication cost
for a distributed estimator to achieve the optimal rate of convergence will
go to infinity. Therefore, there is no rate-optimal adaptive estimator for all
o > 0 without a lower bound on ¢. A similar phenomenon also appears in
the construction of adaptive confidence ball in nonparametric regression. If
one assumes the smoothness 8 > 3y, then it is possible to be adaptive from
Bo to 28y. If one does not assume any lower bound for the smoothness, then
no adaptation is possible. See Theorem 4 and the discussion thereafter in
Cai and Low (2006).



DISTRIBUTED GAUSSIAN MEAN ESTIMATION 13

4. Optimal Adaptive Estimate under Interactive Protocols. In
the previous section we show that an order of m log gio bits are necessary
and sufficient for an adaptive estimator to achieve its optimal statistical
performance under the independent protocols with o > o¢. However, under
the sequential protocols or blackboard protocols, it may require less commu-
nication cost to achieve the same statistical performance, because the local
machines can “communicate” with each other to some extent. This leads to
an interesting question: do we still need m log U—lo bits to achieve the opti-
mal rate of convergence over all ¢ > g under the sequential or blackboard
protocols?

We consider in this section distributed estimation under two types of
interactive protocols, namely the sequential protocols and the blackboard
protocols. We first construct a distributed estimator under the sequential
protocols that is statistical optimal for all o > 0y. A matching lower bound
is then established to show that the communication cost of the proposed
estimator cannot be further improved for all distributed estimators under
the blackboard protocols. Recall that the sequential protocols are a subset of
the blackboard protocols, we obtain the sufficient and necessary communi-
cation cost for the statistical optimal estimators under interactive protocols.
The results show an interesting phenomenon. Compared to the independent
protocols, under the sequential protocols or the blackboard protocols, it re-
quires less communication cost for the rate-optimal adaptive estimation. So
feedback and information sharing are helpful in distributed Gaussian mean
estimation with unknown variance.

4.1. Optimal estimator under the sequential protocols. In the following
procedure we assume m > 12. The case of m < 11 is relatively simple. For
example, when m < 11, the problem can be solved by only looking at the
first local machine and outputs its best approximation up to o precision.
The estimation process can be divided into three steps:

Step 1: Preliminary estimation of § and o. For the first 11 local ma-
chines, the i-th machine (i = 1,2,3,4,5,6,7,8,9,10,11) outputs

Zi = |1-1,9/(Xi + 1) /00].

There are at most L%j + 1 possible outputs for each local machine, so each
transcript Z; (i = 1,2,...,11) can be encoded by no larger than log g% +1
bits.

On the 12-th and later local machines, based on Z1, Z, ..., Z11, each ma-
chine can calculate a preliminary estimate of # and o by

011 = 00211,



14 T. T. CAI AND H. WEI

1/2

=1 =1

| Qo | o 2
6:00max 1, EZ (Zz—lo Zl)

Step 2: One-bit passing. Starting at the 12-th local machine, on the
i-th local machine, we output

A~

Z; = sign(X; — 0;-1),
and update the current state 0 by
0; =01 + 67 Z;

where ~; = i72/3.

Step 3: Final estimation of #. On the central machine, because we have
access to 21,23, ..., Zm, thus we can calculate 6; accordingly for all : =
11, ...,m. The final estimator of the mean 0 is given by

m

R 1 R
bsg = —15 Z 0;.

=11

Since each of first 11 local machines outputs at most log % + 1 bits, and
the later local machines only output 1 bit per machine, it is easy to verify
that the above proposed estimator ésq € Ay (11log % + m). The following
theorem gives an upper bound on its mean squared error for all o > oy

THEOREM 3. The estimator ésq € Ag(11log U% +m) and satisfies

m

~ 0‘2
E(fs, —0)> < C < A 1) :
where C' is a universal constant not depending on oo, 0,0 or m.

That is, the proposed sequential protocol estimator ésq is rate-optimal for
all ¢ > o¢, whose total communication cost is log U% + m bits.

REMARK 6. The one-bit passing step of the above estimator ésq is es-
tablished in light of the previous work Kipnis and Duchi (2017), where the
goal is to construct an estimator using one-bit measurements from local ma-
chines. Their proposed estimator was shown to be asymptotically normal.
However, the finite sample mean squared error of their estimator was not
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guaranteed, as the finite sample performance is significantly influenced by
the initial position 01, and the initial step size 4.

In this paper, we introduce the preliminary estimates 611 and &, which
can be obtained with only a small amount of communication cost, as an
approximation for the optimal initial position and initial step size. This
warm start initialization is the key to obtain finite sample bound in Theorem
3.

The hardcode number “11” in the procedure can be set to any larger
constants, but not smaller ones. Because for a technical reason we require the
preliminary estimate & to have bounded -5 order moment, i.e. E6~> < oo.

REMARK 7. The proof of Theorem 3 extends the techniques developed
in the previous seminal work Polyak (1990) on stochastic approximation.
Polyak (1990) developed upper bounds for stochastic approximation with
averaging. The additional difficulty to prove Theorem 3, compared to the
previous work, is to control the uncertainty brought to the estimator ésq
from the random initialization én and 6. Much more careful calculation is
needed here.

4.2. Lower bound under interactive protocols. The above proposed esti-
mator ésq achieves the optimal rate of convergence for all ¢ > o with com-
munication cost (11 log O,% + m) bits. The next theorem is a direct corollary
derived from Theorem 5 in Cai and Wei (2020). The lower bound argument

~

shows that the communication cost for 8, cannot be improved.

THEOREM 4. For any 0 € App(B), if 0 is rate-optimal when o = oy, i.e.
there is a constant C' > 0 such that

2
sup E(9—9)2 SC(UO/\1>.
0€l0,1] m

Then there exists a constant ¢ > 0 (depends on C') such that

B Zc<10g1+m> .
00
The above theorem establishes a lower bound on the communication cost
for any distributed estimator under the blackboard protocols that achieves
optimal rate of convergence when o = 0. The same lower bound also holds
for any estimator that achieves the optimal rate of convergence for o > oy, as
those estimators are under more strict conditions. Recall that the sequential
protocols are a subset of the blackboard protocols. Therefore, the lower
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bound in Corollary 4, together with the proposed adaptive estimator 6y,
shows that order log a—lo—i—m communication cost is necessary and sufficient for
rate-optimal adaptive estimation under the interactive protocols, including
the sequential and blackboard protocols.

REMARK 8. Recall that for any rate-optimal adaptive estimator un-
der the independent protocols, the minimal communication cost is of or-
der mlog a%? which is larger than that for a rate-optimal adaptive estima-
tor under the interactive protocols. Feed-backs and information sharing are
necessary to improve communication-efficiency in adaptive Gaussian mean
estimation.

REMARK 9. The lower bound on communication cost in Corollary 4
holds for the non-adaptive case when o = og¢ is known in advance. Since
the adaptive estimator 98(1 is constructed with no more communication cost
than the non-adaptive case, there is no cost of adaptation for Gaussian mean
estimation under the two types of the interactive protocols. In contrast,
under the independent protocols, as more communication cost is needed to
establish a rate-optimal adaptive estimator, there is a cost of adaptation for
Gaussian mean estimation.

TABLE 1
Optimal communication cost for different distributed protocols under adaptive and
non-adaptive settings. Adaptive setting: minimal communication cost for rate-optimal
adaptive estimator over o > o¢. Non-adaptive setting: minimal communication cost for
rate-optimal estimator with known o = oy9.

Protocol adaptive estimator | non-adaptive estimator
Independent O(mlog (%0) O(m + log 710)
Sequential O(m + log ULO) O(m + log ULO)
Blackboard O(m +log ) O(m + log --)

5. Numerical Results. The proposed adaptive estimators under in-
dependent protocol and under interactive protocols are easy to implement.
In this section, we conduct simulation studies to investigate the numerical
performance of these two estimators. The numerical results show that the
proposed estimators are practically useful, having high statistical accuracy
while only requiring a small amount of communication cost.

During the simulation study, we consider a setting where o9 = 272, i.e. we
know as a prior knowledge that o > oo = 2712, Assume there are m = 100
machines, where each machine has access to a univariate normal variable
X ~ N(6,0?), with § = 0.3 and choices of ¢ € {272,274, 276 278 2710 9121
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We compare the following three estimators: classical sample-mean estima-
tor (under centralized setting), the adaptive estimator under independent
protocol, and the adaptive estimator under sequential protocol. Over 100
random simulations, the average mean squared error of the three different
estimators, and the communication cost of the two distributed estimators
are given in Table 2.

TABLE 2
Mean squared error and communication cost of the three methods. oo = 2712, m = 100,
0 = 0.3. For distributed estimators, total communication costs (in bits) are given in the

parentheses.
o Sample-mean | Independent Protocol | Sequential Protocol
277 | 617 x 1077 4.14 x 10~%(1500) 2.12 x 10~7(266)

27% | 4.04x107° 1.45 x 107*(1500) 1.28 x 107*(266)
276 | 214 x107° 9.02 x 107%(1500) 8.31 x 107°%(266)
278 | 146 x 1077 5.23 x 1077 (1500) 4.85 x 1077(266)
2710 | 859 x107° 5.00 x 1078(1500) 2.66 x 1078(266)
2712 | 568 x 10710 5.10 x 10™?(1500) 2.47 x 1077(266)

As is shown in Table 2, the mean squared errors of adaptive estimators are
within 5 to 10 times of the optimal centralized sample-mean estimators. De-
spite that during the theoretical analysis, the statistical accuracy is proved
up to constants with respect to the centralized optimality, the simulation
results show that the actual constant gaps are relatively small. Consider-
ing their low communication cost, we find the proposed adaptive estimators
could be practically useful in real distributed estimation applications.

6. Discussion. We studied in the present paper the problem of dis-
tributed adaptive Gaussian mean estimation with unknown o. In the con-
ventional centralized setting, Gaussian mean estimation with unknown o is
arguably one of the most basic and fundamental problems in classical statis-
tics. As seen in this paper, the theoretical analysis is rich and difficult in the
distributed setting.

The insights gained from the analysis can be used to solve other related
problems where the variance is unknown. One such problem is nonparametric
regression with random design. As pointed out in Cai and Wei (2021), de-
spite being asymptotically equivalent in the centralized setting, the problem
of distributed nonparametric regression with random design is significantly
different from that with fixed design. For example, when wavelet methods
are used, the empirical wavelet coefficients in this case have unknown vari-
ance due to the unknown design distribution and the techniques developed
in this paper can potentially be used to construct a wavelet estimator in that
problem. More discussion on the connections and differences among various
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distributed nonparametric function estimation problems can be found in Cai
and Wei (2021).

In the present paper, the focus is on the optimal estimation of the mean
0. A closely related problem is statistical inference for the mean including
the construction of optimal confidence intervals for 6. This involves optimal
estimation of the variance o2 in the same setting, which is a challenging
problem by itself. We leave the inference problem for future work.

The results in this paper reveal an interesting phenomenon: the commu-
nication costs required under different types of distributed protocols can be
substantially different. This is in sharp contrast to Gaussian mean estimation
with known variance. It is interesting to investigate further the differences
among various types of distributed protocols for other distributed statistical
problems. It is technically challenging to develop a general optimality theory
under different types of communication constraints. More generally, it is of
significant interest to understand the interplay between communication cost,
statistical accuracy, adaptation, and different types of distributed protocols
for a wide range of problems. This is an important topic in data science that
is wide open and merits further study.

7. Proofs. We prove the main results in this section. Throughout this
section, L. denotes the L' function space with respect to the z variable and
[y denotes the indicator function taking values in {0, 1}. We use shorthand
a < b to denote there exists a universal constant C' > 0 such that a < Cb.
With slight abuse of notation, we define ¢ be the standard Gaussian density,
$o be the density of N(0,02), and ¢y, be the density of N(6,0?).

7.1. Proof of Theorem 1. We first define several quantities. They play
important roles to establish the proof.

Let P,Q be two distributions that are absolutely continuous with respect
to a Lebesgue measure on the measurable space Z. p,q are the density
functions of P, respectively. Define squared Hellinger distance H?(P, Q)
as

1
H*(P,Q) = /Z(\/ﬁ —Va)*da.
Define total variation distance TV (P, Q) as
Al
v 2 [ Ip-ade
z

Let Z be a finite set, h : R — Z a random function, and f, g € L*(R) are
non-negative functions. Define “generalized squared Hellinger distance” for
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Z be

2
£ 1 - = — - T r) = z)dxr
H?(h;f,g>:2zezz<\/ | r@pni) = o \/ | s@ruiz) - )d) .

Note that when f, g are densities, H2(h; f, g) is exactly the squared Hellinger
distance between distribution of h(X) when X ~ f, and distribution of h(X)
when X ~ g. This is why we call this quantity generalized squared Hellinger
distance.

Similarly, we define “generalized total variation distance” as

V(h; f,9) é =
ZGZ

/ f(z = z)dx — /OO g(x)P(h(x) = 2)dz|.

— 00

Also when f, g are densities, TV (h; f,g) is exactly the total variation dis-
tance between distribution of h(X) when X ~ f, and distribution of h(X)
when X ~ g.

The following lemma provides two basic but useful inequalities for H2(h; f, g)
and TV (h; f,g).

LEMMA 2. For any random function h : R — Z, the following two
inequalities hold:
(a) Sub-additivity of H?(h; f,g): if f(x, s), ( s) € LL(R) are non-negative
functions for each s € (s, s,), and fST f(zx,s)ds, fssl’" g(z,s)ds € LL(R).
Then we have

(1) HQ(h;/ST f(-,s)d'S?/srg(-’S)dS) S /Sr H?(hs £(-,5),9(-, 8))ds.

(b) Bound between TV (h; f,g) and H?(h; f,g): if f and g have the same
support (i.e. {z : f(z) > 0} = {x : g(x) > 0}) and there exist M > 1
such that 1/M < f(x)/g(x) < M for all z € {x : g(x) > 0}. Then we
have

VM —
_W+

Besides, we define ¢y, as the density function of N(6,0?), i.e.

(2) H*(hs f.g) < TV (h; f,9)-

1 _ (z—6)2

e 202
V2o

¢9,U (x) =
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logl 1/4

Now we move back to the main proof. Let A = ¢, | —.3° where ¢y

is a positive constant that will be specified later. Let J be the maximum
integer such that 27/ > ¢y. Let oj = 209, =1,2,...,J — 1.
We are interested in the following integrated squared Hellinger distances:

m J—1 1,\0-J

(3) 1= ZZ/ “d)(o Aoy) U]7¢(9+)‘U])U])d0

=1 j=0 Agj

The following subsection is dedicated to show that under proper choice
of the constant cy, we have I < %m.

7.1.1. Bound integrated integrated squared Hellinger distances I. We first
“slice” @9-ro;),0; a0d P(o1r0,),0; i (3) into pieces so that we can apply
Lemma 2(a) to give an upper bound for I. Let

s* =sup|p_r1(x) — Pa1(7)l,

zeR
A(s) ={x: |p_r1(z) — drn(w)] > 5}, 0<s< s,
xs = sup A(s),
J8) = Haeae Mo MQE )M(¢)A1(m)|7 z#£00<s<s

Pra1(@)
g9(x,s) = H{zGA(S}|¢ A (@) — oai(a)|’

When 2 = 0 we set f(0,5) = g(0,s) = ¢,1(0)/s*. It is easy to verify that

r#0,0<s<s".

*

d-x1( / f(x,s)ds and %’l(x):/os o(z. 5)ds.

The reason why we design the function f and g is for a good property:
g(x,8) = f(r,8) = Ijzea(s)) sign(x), which is a compact supported piecewise
function only taking values in {—1,0,1}. By this way we “discretize” the
problem and is able to adopt combinatoric techniques (in Lemma 9).

Note that ¢(g-rs;),0, (2) = 50-21((=0)/05) and Gpi )0, (%) = 7 dr1((2—
8)/0;), so we have

®

S 1
D000, (1) = /0 o 1w =)/, )ds
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*

S 1
D300, (1) = / -9 = 8)/o, 9ds

The above equations and Lemma 2(a) implies

I'= Z Z/ _ H?(IL;; ¢(0—)\oj),oj,¢(9+)\gj)’gj)d9

<X [ a0 [T (i E - 0/00) Solta = 0030 ) as

J

1-Xo; s*
s [ @) (= 0oy 5)9((a = )5

oj 0

Note that f(z,s) and g(z,s) both are supported on A(s) and when x €
A(s),

f(@,8)/9(x,8) = d_r1(x)/Par(x) = €27 € [e72\, 2],

Apply Lemma 2(b), we have

Azs _
H (IL(2); £(( — 0)/3,8),9(( — 0)/0,8)) < Sy TV (T(e): £~ 0)/73,9), (& — )/ 5)).
Substitute into (4) and apply Fubini’s theorem, we get
(7)
s* ws 1 ™ J-1 1 1)
r< | L, / V@) = 0/~ 0)/e5.9) 0

The following lemma bridges the partial total variation distances and
communication costs, which is crucial to our proof.

LEMMA 3. IfII:R — {0,1}° takes value in {0,1}°, then there exist a
constant C1 > 0 such that

J-1 1 1-MAo;
> p /A TV ((x); f((x —0)/0j,5),9((x = 0)/0j,5))d0 < Cras(14xs)/J (DA JT).
=0 7

Another Lemma gives an upper bound on the integral by analysis.



22 T. T. CAI AND H. WEI

LEMMA 4. If A < 1/6 then there exists a constant Cy > 0 such that

S e)\xs -1 5
/0 mxs(l + x5)ds < CoA“.

Apply Lemma 3 and 4 on (7), we have

I < CiCVINDY /(b A,
=1

Jensen’s inequality implies that > 12, /b < my/1/m> 1, bi = VmB,
therefore we have

I < C105VmJBMN.

log -

1/4
Recall that A = ¢y < mg‘)) . Note that log% < 2J, so when ¢, is a

sufficiently small constant such that 0 < ¢y < \/ﬁ, we have

I<

po|

Recall the definition of I in (3):

J-1 1—/\O'j m
I = Z/ ZH2(Hi;¢(9—Aaj),aj7¢(9+Agj)7aj)d6.
J=0 i=1

Ao

The above upper bound I < .J/2 holds for any distributed estimator 0.
1

Note that we have B > “—g thus Aoj_1 < 1/6 if we set ¢y < 1/6. Apply
Lemma 1, we can conclude the desired lower bound:

3
, 2 2, [T108 5
Rina(oo, B) > cA*m > cic5 5 O

7.2. Proof of Theorem 2. For simplicity of notations we define Z_) =
Z(l0.16m)) and Z(4) = Z([0.84m])- Before we proceed to the proof, we give a
lemma showing large deviation bounds on Z(_y and Z,. These bounds can
be directly derived using Gaussian tail bounds so we omit the proof.

LEMMA 5.  There exists universal constants C,c > 0 such that for any
k > 2, we have

P(Z_y <8 —ko) < C exp(—ck*m),
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P(Z_y >0 —0/2) < Cexp(—cm),
P(Z) >0+ ko) < C exp(—ck?*m),
P(Z4y < 04 0/2) < Cexp(—cm).

We first define several events:

Ey={0¢[Z2), 2]}
FEy = {0 S [Z(_), Z(_,_)],& ¢ [min{l, 1J},40’]},

E1 UE2 {9 6 (=) Z(+)] mln{l O'} <5< 40}

Note that we have
~ 3 A~
E(f, —0)* =Y E(f, — 0)°I(p,;-
k=1

Therefore, the proof can be divided into showing E(éq — 9)211{ By < C’k%2
with some universal constant C}, respectively for k = 1,2, 3.

1. Bound on E(éq — 0)?Lp,3-

Under E7, we have either F1; = {Z(_) >0} or Eyg = {Z(+) < 0} happens.

Define Ell,k = {Z(,) > 0,0+ ko < Z(+) <0+ (k + 1)0}. Under Ell,lm
note that we have Z) — Z_y < (k + 1)o, this implies 6 < (k + 1), then
6 <2(k+1)o, thus R < 6+ 3(k+ 1)o. Note that the final estimate éq must
lie in the interval [L, R], So we have |éq — 0] < 3(k+1)o under event Eyj 4.

Apply Lemma 5, when k = 0,1 we have P(Eq; ) < P(Eq1) < Cexp(—cm).
When k > 2 we have P(Fq1 ) <P(Z4) >0+ ko) < C exp(—ck?m). There-
fore, note that Ey; = |Jp— o E11,%, we have

(0 _0 H{Ell} Z 9 _6 H{Ellk}
k=0

< (60)? - 2C exp(—cm) + Z 2. Cexp(—ck®m)
k=2
< (J’(L2
J— m .

with some universal constant C’ > 0.
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. N 2
By a symmetric argument we can also prove that E(6, — H)QH{EH} <C'Z.
Therefore, we conclude that

2
N A~ N g
E(0y = 0)°Lipy < E(0g — 0)"Typ,,) + (0 — 0)°Lp,y < 2C"—.

2. Bound on E(éq — 0)?Ip,3-

Let Fo = {9 S [Z(,),Z(Jr)] 6 < mln{l O’}} and Fop j, = {9 S [ (=) Z(+):|, ko <
6 <(k+1)c} (k>4).

Under Ey; we have |6 — 6] < 30, under Es ), we have 10— 0] < 3(k+1)o.
Moreover, we have the probability bounds

P(E21) < P(Z4) < 0+ 0/2) < Cexp(—ck*m),

k k
P(En k) <P(Z(4) >0+ 50) +P(Z) <6 - 50) <2C exp(—ck*m/4).

Note that Ey = Ea1 |JUzey E22.k, we have

E(0, — 0)*I(g,y < By — 0)°Lig1y + > E(0g — 0)*Lip,00)

k=4
< (20)2 - Cexp(—ck*m) + Z 3(k 4+ 1)0)? - 2C exp(—ck®m/4)
k=4
< C”ﬁ
o m

with some universal constant C” > 0.

3. Bound on E(é — 0)L 3

Under event E3, because we have min{1, J} < & < 40, also note that
6 < 1 almost surely, so there are at most 5 possible values of &, whose
range is between min{l, 10} to min{1,80} (recall that & is chosen only
from powers of 2).

For each possible value of &, the length of the interval [L, R] is either
o or 26. Recall we have requirements that L, R are multiples of & and
event E3 suggest 6 € [L, R], so there are at most 5 possible values of (L, R)
pairs for each possible value of 6. Putting together, we can conclude that
under event E3, the possible values of the pair (L, R) is at most 25. We
use (L1, R1), (L2, R2), ..., (Las, Ra5) to denote these 25 possible values of the
(L,R) pair. Thus we have the following decomposition:

(8)
25 25

E(0g—0)"ikyy = Y B(0—0)"Timy (£ r)=(Ler)} < 2 EOa=0) (L m)= (1, .R0)}-
k=1 k=1
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For each possible pair (Ly, R) (k=1,2,. ,25) we have Ry —Lp <25 <

160. Define the function Fj : (—o0, 00) x (0, 00) x (0,1) as
@ t—Ly
Fi (t’ 8) - o R:ft

When (L, R) = (L, Ry), we have
(9)

~ R . 1 ) 1
B[P (Osq: 0g) —F (0, 0) |2 = E(max{pr, —}—P(X1 < L))*+E(max{pr, —}-P(X1 > R))?

where the last inequality is due to mpy, is binomial distributed with mean
mP(X; < L), and mpg is binomial distributed with mean mP(X; > R).

Note that Ry — 0 < Ry — L < 160, therefore % < 16 and % < 16
for t € [Ly, Rg]. Then it is easy to prove that there exists a constant ¢ =
such that for any ¢, € [Ly, Rx],

t— L - _

o(57) - (57)] =50
o o o

o (B2)-o (B2
o o o

Besides, note that for any ¢t € [L, R] and s > 0, at least one of the following
inequalities holds:
() e () e (57
o o o

(57) |
-+ ()= (%) -+ (7))

()
(Bsq — 0)°.

Combine the two observations above, we have

(c)?

o2

”Fk(ésqv&sq) Fi (8, )H2
Substitute above inequality into (9), when (L, R) = (L, Rx) we have

4 o2
—(d)2m’

Substitute the above inequality into (8) we obtained the desired bound

e 100 o2
Bl = 0)°Lipy < ) B0y 0P Liwm-m) < (g D
k=1

<

S
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7.3. Proof of Theorem 3. 'The proof of Theorem 3 will be carried out by

several stages. Throughout the proof, we define 65, = 9’“;9, o(x) = L _—2?/2

2
is standard Gaussian density. ®(z) = P(X > x) where X ~ N(0,1), and
A(z) =1 —2®(z). We also define 1, = —5-
We first give a lemma that will be useful in the proof.

LEMMA 6. Let {A;}72, be a positive sequence, and {by}72 , {di}2, be
two decreasing positive sequences that satisfy

A < (1 - Ozbk)Ak_l + Bbrdy, k=1,2,...

where o, 5 > 0. If there exists K > 0 such that

dp_
Y= 14 Sy for all k> K.
di 2
Then we have for all k > 0,
A K bid; 2
(10) Ay < ( 0t B2 +/8) dy..
dK [0

Then we provide several claims and show the proof to each claim directly
after their statement.

CrLAM 1.  There exists a constant C1 > 0 (doesn’t depend on 6,0 or &)
such that for all k > 11, we have

(11) E[(0r —6)*16] < C1 ((6/0) 7% + (6/0)?) o>

PRrROOF OF CLAIM 1. Define the Lyapunov function

2 .
x if —2<a2<?2
L = .
(v) {46|$|/2—1 if |z| > 2

Note that 22 < L(x), therefore to prove Claim 1, it suffices to show that

(12) E [L (ék09>

We have the following lemma.

5] S ((6/0) +(6/0)%) .

LEMMA 7.  (a) If 6/ > 2, we have

(13) E[L(6;)]6] < 1170/ (29),
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(b) If 6 /o <2 and k > 12, we have
(14)  E[L)I6] < (1 - 02536 /o) ELL(Gy-1)[6] + (1 /0)?.

Case 1: When ;6 /0 > 2. Consider surrogate function

I~/() 4 ifo<y<4
T) = .
4eVE/2-1 ifx >4

Note that L(0?) < L(dx) + 4 and L(z) is convex, apply Lemma 7(a) and
Jensen’s inequality we have

L(E[3?16)) < BIL(6)16] < BIL(5)[6] +4 < 1167/ 44
which suggests that
E[6;16] < (w6 /0)? < (6/9) k.

Case 2: When v;6/0 < 2. Let ko be the largest k such that 6/ > 2
(if there is no such k, set kg = 0). Given Lemma 7(b), we can apply Lemma
6 with A; = E[L(5k0+i)’&], b, = d; = ’yk0+7;&/0, a = 0.25, 8 = 1, and
K = [83(6/0)73] — ko. This is a valid K value because

-2/35

k
dio1/d; = (1-1/k)"2/3 < 141/k < 1+ - 1+%bk when i > 83(6/0) 3

where k = kg + 1.

Also note that we have 7;,6/0 < 4 due to the definition of ko, thus
A < 11€? according to Lemma 7(a). And note that Zfil bid; <y o2 bidi =
(6/0)? D itk v? < oo. Therefore, apply Lemma 6, we have

11e? + (6/0)? Z;’ino 72
(6/0)3

E[L(dx)6] S ( + 8) di S ((6/0)7° + 1) /0.

Combine the two cases above, we prove the desired bound (11).

CLAIM 2. There exists a constant Cy > 0 (doesn’t depend on 6,0 or &)
such that for all k > 11, we have

(15) E[(fx — 6)*16] < Co ((6/0) ™" + (6/0)*) o™
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PROOF OF CrLAIM 2. The proof is very similar to Claim 1. We will omit
some details in the proof. Re-define the Lyapunov function

(z) = z?t if —2<x<2
© ol 16ell2t i x| > 2 '

We have the following lemma.
LEMMA 8.  (a) If 6 /0 > 2, we have
(16) E[L(6;,)|6] < 440/ (),

(b) If y6/o <2 and k > 12, we have
(17)
E[L(6%)]6] < (1-0.25%,5/0)E[L(8r—1)|6, 0p—1]+(6C1+1)((6/0) *+1)7}.

Case 1: When ;6 /0 > 2. Similarly we can conclude that
E[6416] S (w6 /0)* < (6/0)'}.

Case 2: When 6/0 < 2. Let i = k — ko where kg is defined as in
the proof of Claim 1. Given Lemma 8(b), we can apply Lemma 6 with
bi = wo /o, di = 72, a = 0.25, B = (6Cy + 1)((6/0)7! + (6/0)?), and
K = [163(6/0)~%] — ko, then we have

44e? + (6/o)* +1
(6/0)*

Combine the two cases above, and note that E[(d), — 0)* < E[L(61)|6], we
can conclude (15).

E[L(5)16] < ( L8((6/0) " + <&/a>3>) R < (6/0) +(6 /o))

CrLAIM 3. Let 0}, = %Z§:1 0;. There exists a constant C3 > 0 (doesn’t
depend on 0,0 or ¢) such that

E[(0x — 0)*|6] < C3 ((6/0) 2+ (6/0)%) 0%k
PROOF OF CLAIM 3. Let p1, = =15, note that

Orr1 — 0 = (1 — i) (O — 0) + (O — 0).
This implies

(18) E[(Br1 — 0)*16]"/% < (1 — 1) E[(Bk — 6)*]6]'2 + mE[(6; — 6)*[6]"/%.
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From the above inequality we can show

(19) E[(6 — 0)216]"2 < 3 (Cy ((6/0) 2 + (6/0)2) o2)"”

holds for all £ > 1 by induction, which suggest Claim 3 holds with Cs = 9C}.
The induction is concluded by:

1. From Claim 1 we have
E[(611-0)|6]"% = E[(611—-0)]6]"/* < (Cy ((6/0) 2 + (6/0)?) 02711)1/2,

therefore (19) holds when k& = 11.
2. If (19) holds for k, from (18) and Claim 1 we have

E[(O41—0)%[6]"/2 < (3(1 — k), /%—_’; - uk) (C1((6/0) 2+ (6/0)?) i)

Note that , /WZi1 < (1= )~ Y3 and 3(1 — pg)?® + pp, < 3 for all k.

So we have (19) holds for k£ + 1.

CLAIM 4. Let ), = %Zle 0;. There exists a constant Cy > 0 (doesn’t
depend on 0,0 or &) such that

(20) E[(0 — 0) (0 — 0)[6] < C1 (/o) + (6/0)?) .
PrOOF OF CLAIM 4. We have

E[(Or-41—0) (O 11—0)|6, 0] = (1—p11)E[(0x—0) (O 11—0)|6, 01+ 11 B[ (Or-1—6) |67, O]
Take expectation with respect to 0, we have

E[(Br+1 — 0)(Or41 — 0)|6]

=(1 = pue)E[(0r — 0)(Bk — 0 — 69, A(61))[6] + pkE[(Orr1 — 0)?[6]

=(1 — ) (1 = 26 /07 (0)E[(Ok — 6) (0 — 0)]6] + (1 — 1) 6WE[(Br — 6)(26(0)5), — A(6%))|5]
+ 1k E[(Opy1 — 0)%]6].

Note that 2¢(0)dx — A(Jx) < 67. Cauchy-Schwartz inequality suggests

E[(0r — 0)(26(0)d% — A(6x))6]* < E[(0x — 0)|S]E((26(0)3), — A(1))?[6]
S E[(0x — 0)*[5]E[5%|6]
S ((6/0)2+(6/0)%) oy - ((6/0) ™" + (6/0)") 7i
S ((6/0)° +(6/0)%) o™
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Thus we have

E[(fk 11— 0)(Ok11 — 0)]6]
<(1 = ) (1 — 26 /od(0)E[(Bk — 0)(By — 0)]3]

+ Ci(1— ) ((6/0) 73+ (6/0)?) 607}2/2

+ uiC1 ((6/0) 72 + (6/0)?) oy,
<(1 = 26/ $(0)E[(B, — 0)(B; — 0)|6] + (C; + C1) ((6/0) 2 + (5/0)") 0
with some constant C) > 0. The last inequality is due to the fact that

72/2 < Mk Vk-
Now we apply Lemma 6 with by = 6/0v, dp = puk, « = 2¢(0), f =
(CL+Ch) ((6/0)2+(6/0)%) 0%, and K = (¢(0)6/c) 3. We have

o? 6/0) "2+ (6/0)4) o2
E[(00—0) (9x—0)|6] < ( +((/ ()ﬁ /;3< /o)")

~

+ ((6/0)_3 + (6/0’)3) (72) L -

Then we can conclude (20).

CLAIM 5. There exists a constant Cs > 0 such that
(21) E[(0) — 0)216] < C5 ((6/0)° + (6/0)*) 0.

ProOOF OF CLAIM 5. Note that we have

E[(Ox41 — 0)5]
=(1 = ) E(0) — 0)°16] + 2k (1 — pi) E[(O — 0) (B2 — 0)16] + i E[(O 11 — 6)%[6]
<(1 =2, + p13) E[(Ox — 0)°|6]

+2C4 ((6/0) "+ (6/0)*) o* i,

+C3((6/0)7% +(6/0)?) sk
<(1 =24, + 1) E[(0k — 0)°16] + (201 + C3) ((6/0) " + (6/0)) 0 i

which implies there exists a constant Cs > 0 such that
Bl — 0)16) < Cs ((6/0) 7 + (6/0)%) 0.

PROOF OF THE THEOREM. Now we are ready to prove the theorem. Take
expectation on (21) with respect to &, we have

E[(0x — 0)°] < C5E[((6/0) " + (6/0)°) 0™ .
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Note that & is the empirical estimate of ¢ over 10 observations. Thus we
have E((6/0)7) < oo and E(6/0)3 < oo, therefore there exists a constant
Cs > 0 such that

E[(ék — 9)2] S C@JQ,U,k.

Substitute & = m into the above equation, also note that (65, — 0)

2 <
(0, — 0)? and (ésq —6)? < 1, we conclude the theorem. O

7.4. Proof of Lemma 1. Note that the length of each integral interval
(Aoj,1 — Aoj) is at least 2/3. Therefore, for any distributed estimator 6,
there exists 0 < j* < J — 1 and 6* € [0, 1] such that

m
> H(Zi|Xi ~ N(0" = Aoje,0%), Zi| Xi ~ N(0* + Ao, 07.)) <
i=1

]

where Z;|X; ~ P denotes the distribution of IT;(X;) when X; ~ P, H?
denotes the squared Hellinger distances.

Note that Z;,i = 1,2, ...,m are independent, by sub-additivity of squared
Hellinger distances for product measures, we have

2
H ((Zi)?ll|XiNN(9*—>\Uj*7O']2.*)7 for i=1,2,...,m> (Zl)lnll ‘XiNN(O*—)\O'j*ﬂ'?*), for i=1,2,...

where (Z;)", is a shorthand for (Z1, Zs, ..., Z,)

Note that the distributed estimator 6 is a (possibly random) function of
(Z;)i,. Given that the squared Hellinger distance between the distribution
of (Z;)", under N(6* — )\aj*,ajz*) and N(6* — /\aj*,o*]?-*) are bounded by
3/4, which means we cannot “distinguish” whether the data are drawn from
N(O*—Xoj=, ajg-*) or N(6* — o=, 0]2-*) by looking at those transcripts, we can
apply Le Cam’s method to conclude a minimax lower bound: when o = 0+,
there exists a constant ¢; > 0 such that

sup E(f —0)? > ;2262
0€{0"— Ao jx 0%+ 20 }

which is equivalent to
*2

-1
sup <0 ) E(é —0)2 > 1 \%m.
0e{0*— Ao ;% 0% +Aayx} \ 1T

Thus we can conclude that

Rina(oo, B) > cX?m. O

IN
o
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7.5. Proof of Lemma 2. PROOF OF (1). For any z € Z, define

= /OO f(z,s)P(h(z) = z)dx,

G.(s) = /_00 g(z, s)P(h(x) = z)dz.

By definition, we have

Hz(h;/srf(-,s)ds,/srg(- <\// Fu( ds—\// . )
o St 2.Z

_ ;; (/ Fz(s)ds+/8erz(s)ds—2\//Sler(s)ds/Serz(s)dS> ,

/ H2(h f( Z/ )—\/Gz(s))st
:2;@1 Fz(s)ds—l—/Sl GZ(S)ds—Q/SlST\/m>.

Therefore, from Cauchy-Schwartz inequality

\//:T F.(s)ds /:T G, (s)ds > /: VF>(5)Go(s)ds,

we can conclude (1).
PROOF OF (2). Define

F= [ j@ph) = .

G, = /_OO g(x)P(h(z) = z)dz.

1/M < f(z)/g(x) < M for all z € {z : g(z) > 0} implies that 1/M <
F./G, < M when F(z) > 0 or G(z) > 0. This suggests that
\/ -1
= VA1

Wﬂﬁ

By definition we have

\ﬁ f VM -1,

H?(h; f,g) =

zEZ

TV (h

i fr9)-

O]
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7.6. Proof of Lemma 3. First, note that by definition we have

TV (I(x); f(x — 0)/0j,5),9((x — 0)/0j,s)) < x50.

So we have

1— )\O'J
A (2): £(z — 0)/07.5). 9((x — 0)/07,5))db < ]

]OJ

Therefore, it only remains to prove

1— )\O'J
Z /A (@): £(@ = 0)/71, ). 9((@ — 0) /a3, 5)) 40 < Cry(142,)V.Tb.

The next technical lemma is the key to prove Lemma 3.
LEMMA 9. Let {ax}, k =1,2,...,27 be a non-negative sequence such that
0<a,<1l,k=12,..,2".

Then there exists a constant C3 > 0 such that

J 273 [(1-1)29 4271 1.27 w
3 >ooa- > a|<CVI [V logt
j=1 1=1 |k=(1—-1)29+1 k=(1—1)20+2i—141 0

J .
where w = 277 22:1 ay, 1s the mean of the sequence.

Let 2/, = inf,c 4(s) ||. For any real number 6, z € {0,1}" and k € [27], let

O+kxso 0+kxl o
a(0,2) = G:_(kfl)ozsao P(II(z) = z)dz and a} (0, z) f:_r(k 1090 - P(I(z) =
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z)dz. Note that it is easy to check A(s) = [—xs, —2] U [}, x4, so we have

TV (U(zx); f((x = 0)/0j, ), g((x = 0) /05, 5))

1 0—ojal, O+ojxs
_ /9 P(I(z) = 2)da — / B(I(z) = 2)da

2€{0,1}b —0;jxs 0+o;x)

O |

1 0 O0+ojxs
§§ / P(II(x) = 2z)dz — / P(II(x) = 2z)dz
2€{0,1}b O0—0jxs 0
1 0 O+o ;)
+3 > / P((z) = z)dz — / P(Il(z) = 2)dx
oy [ Moo, /
1 9J—j—1 2j+1(r_1)+2j

T9Jj Z Z Z ar(0 — ojzs — 27T (r — 1) 2500, 2)

2€{0,1}0 =1 |k=2i+1(r—1)+1

2it1y
— E ap(0 — ojzs — 27 (r — 1) 2500, 2)
k=20+1(r—1)+274+1
1 9J—j—1| 20+ (p_1)427
/ ol Jj+1 !
577 g E E a,(0 —ojr, — 27 (r — 1)a00, 2)
2€{0,1} r=1 |k=27+1(r—1)+1

27+ 1y

— E af(0 — ozl — 27 (r — 1)xlog, 2)| .
k=20+1(r—1)+2741

_l’_

Substitute the above inequality and rewrite the integral variable, also
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recall that o; = 275, we have

1- )\0]
A M(2): f((z — 6) /07, 5), g((x — 6) /o7, 5)) A6

1—Xo;—0o ~:L‘s—2j+1(r—1)zso'o

Sy D15 Ceconp SIS 02 a1 0002 |40
z€{0,13b szlj 1 fAla_jA—UjJ;zjfzgjjjj(t1_(1:;{:325UO ziJ:J;iS:iiltii1 %(972)*23;;11(T71)+2j+1 a(0,2)|do
27—i=1 | 29 (r—1)+27 93 +1,
2J0-0 Z > X / > an,2) - > a(0,z)|do
3=0 ze{0,1}b 7=1 Ts | p=27+1(r—1)+1 k=20+1(r—1)+27+1
9J—j—1 1 27+ (r—1)427 2i+1,
2J0-O Z Z Z /_ Z ay,(0,2) — Z a(0,2)|do
Jj=0 2€{0,1}0 r=1 s |k=2711(r—1)+1 k=2i+1(r—1)42741
1 J—127-i=1| 29+ (r—1)427 od+1,
e [ a0 N > ) @e) - > a2/ @)
‘ 2€{0,1}t j=0 r=1 |k=2i+1(r—1)+1 k=2i+1(r—1)+27+1
2oy [ J—127-3=1 | 27+ (r—1)+2/ 2i+1y
+ ey / KDY Yo ah(6,2)/(aloo) - S ah(9,2)/(2hoo)|.
s 2e{0,1}b j=0 r=1 |k=2i+1(r—1)+1 k=2+1(r—1)42i 41

Define (0, 2) £ 277 322 ay(6,2)/(5,00) = g [ 5 P(11(z) =
z). Note that ay(0, z)/(xs00) € [0, 1], apply Lemma 9 gives

J—127-3=1| 27+ (r—1)4-27 20 +1y
XN > awl8,2)/(ws00) - > a0, 2)/(z500)
2€{0,1}b j=0 r=1 |k=27+1(r—1)+1 k=2i+1(r—1)+27+1
(6,2)
<C327VJ Z / v/ — log tdt.
2€{0,1}b

Then note that ;" v/—log #d¢ is a concave function of w and 226{0’1};) w(b, z) =
1, we can apply Jensen’s inequality to get

(6,2)
Z / v/ —log dt<2b/ v/ — log tdt.

2€{0,1}b

It is not difficult to prove that there exists a constant C7 ; such that

2717
/ \ — log tdt < 01712_()\/5.
0
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Combine the three inequalities above we can conclude

J—127-3=1 | 2% (r—1)4-27 20+ 1y

ol Y Y Y abee - Y

2€{0,1}b j=0 r=1 |k=20+1(r—1)+1 k=20+1(r—1)+2i+1

1
SCgCLl.Z'S v Jbdl = 030171.%'3(1 —i—l’S)\/Jb.

—Tg

By a similar argument we also have

2 on [1 J—127-i=1| 20T (r—1)427 od+1,
0 /
2T Y b 3l I M CETC LS Vi
° o ze{01)p =0 r=l k=2 (r-1)+1 k=2i+1(r—1)+2i +1
<C30 12%(1 + )V Jb.

Substitute the above two inequalities into (22) and note that a2/, < x5, we
conclude Lemma 3. O

SUPPLEMENTARY MATERIAL

Supplement A: Supplement to “Distributed Adaptive Gaussian
Mean Estimation with Unknown Variance: Interactive Protocol
Helps Adaptation”

(doi: url to be specified). In this supplementary material, we present proofs
for several technical lemmas, namely Lemmas 4,6,7,8, and 9.
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SUPPLEMENT TO “DISTRIBUTED ADAPTIVE
GAUSSIAN MEAN ESTIMATION WITH UNKNOWN
VARIANCE: INTERACTIVE PROTOCOL HELPS
ADAPTATION” f

By T. ToNny Ca1l, AND HONGJI WEI
University of Pennsylvania

We present in this supplement the detailed proofs of Lemmas
4,6,7,8,9 in the paper “Distributed Adaptive Gaussian Mean Esti-
mation with Unknown Variance: Interactive Protocol Helps Adapta-
tion”.

1. Proof of Lemma 4. Note that when 0 < x < 1/ we have e —
e < 3)\z, thus

132 2
Pr1() —dp-xa(z) =e” E (M — ™) < 3Aze /2,

When z > 1/, note that A < 1/6, we have

_(a=x)? _a/a-n?

dr1(x) —d_ai(x) < pap(z) =e 2 <e T <\

Therefore, by definition of s* and the above two inequalities, we have

s =sup|or1(z) — p_x1(x)] < 3(sup 336_382/2))\ =3\/e.
T xT

a/a=x? .
When e™ " 2 < s < s*, it is easy to see that x5 > 1/, thus we have

s=o¢x1(zs) — d_n1(zs) < 3)\1'36_332/2,

Let y = y(t) > 1 be the root to the equation: ye ¥"/2 = t, then we can
conclude

s _a/m-»n? .
(23) xsgy(—> when e 2 <s<sh.
3\
_ /=02
When s <e 2, we have

_(IS*A>2
s=¢xa1(ws) —d_ra(xs) <e” 2

fThe research was supported in part by NSF Grant DMS-2015259 and NIH grants
R01-GM129781 and R01-GM123056.
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then we can conclude

(a/x=1)?
(24) ar:sg\/—2logs—|—)\WhensSe_1A2A .

Now we are ready to prove the original equality in Lemma 4. Note that

_a/a-n?
s* e/\xs -1 s* e 2 s* ) 5
/0 e +1xs(1+96s)d8 5/0 Mz2423)ds = )\/0 (2 4z )ds+)\/ (2 (x24-27)ds.
For the first part, apply (24), we have
_ap-n? 2?2 _<1/A2—A>2
¢ _an=a?
)\/ (z24-23)ds < )\/ (v/—2log s+X)3ds < )\)\3 : < A2
0

For the second part, apply (23), we have
M @ ratias < [T o () as=a [T w7+ voar
e 2 0 0
< 3\ /Ol/e(y(t‘)3 +y(t)?)dt.

Recall that y(t) is the root to ye ¥*/2 =t thus the integral fol/e(y(t)3 +
y(t)?)dt < co. Therefore the second part is also O()\?).
Combine the two parts together we have proved that

s e)ws -1 5
2. Proof of Lemma 6. When k < K, note that we have Ay, < Aj_1 +
Bbrds., thus

Ao+ BYE  bid;

k
Ap < Ag+ B bid; < =

=1

So the inequality (10) is proved. When k£ > K + 1, we prove by induction.
Suppose (10) holds for k& — 1, that is,

Ap—1 < Cgdi
K p.d.
where C'x = %}flb’d’ + % Then we have
Ak S (1 — Ozbk)Ak_l + Bbkdk S (1 — Otbk)Cde(l + %bk) + ﬁbkdk

«
< (CK(l - Ebk) + /Bbk> dy, < Cidy,
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where the last inequality is due to the fact that $Cx > by.

So (10) also holds for k. Note that the starting point & = K is proved in
the case k < K, so we conclude that when & > K + 1 the inequality (10)
holds. O

3. Proof of Lemma 7. We prove (13) by induction. Note that 6;; is
quantized version of X1; ~ N(6,0?) with approximation error at most oy
(which is less than o). Also note that v116/0 > vx6/0 > 2 and L(x) <
4el#/21=1 Thus we have

|X11—6l+o 4
Eu—olte
(el

E[L(011)|6] < E[de | < 8 1/4 < 11£119/(29)

o (13) holds when k = 11.
Next let’s assume (13) holds for k£ — 1, i.e.

E[L(6)_1)|6] < 11e7-19/(0),
We have
EIL(64)(6,05-1] = (1 = ®(8x-1)) L(8—1 — 46 /0) + B(8-1) L(Gs-1 +716/0)-

When |6;_1| < 416 /0, note that L(z) < 4el*/?=1 we have

o 4 6/o— 4 6/o
E[L(0k)|6, 0p—1] < —(1 = O(|6p—1))el /o I0k=1D/2 g'@(\ém\)e(” [t )/2
4 .
< =M/ qup ((1 — ®(z))e ™ + @(x)ex/2>
€ x>0
4

< —emw0/(20) 1110 < 2e70/(20)
e

When |0;_1| > 10 /0, note that ®(|dx_1]) < 6_52*1/2, we have

E[L(6:)16, 6] <

(1 — ®(|65_1|))eOr-1I=mwE/0)/2 4 éq)(|5k_lDe(’Yk&/U'H(Sk—ID/Z
(&

< A onal/2-ms/20) | & o/ 2o)Hok11/2-57 /2
e

e

< debal/2(e/@20) | o/ @a)=(05/0) /2y
e

< OE[L(84_1)|5, Ojp_y]e 7/ (20)

where the last inequality is due to E[L(d;_1)|6,0k_1] = 4el%-11/2=1 and
W6 /(20) — (6 /0)? )2 < — 6 /(20) because Y6 /0 > 2.
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Combine the two inequalities above and take expectation with respect
to dr_1, apply the induction assumption for & — 1, also note that y_1 <
29k — 0.9k, we have

E[L(64)|6] < 2¢7 %/ COE[L(651)|6] + 2¢77/ )
< 22e(—1=7)8/(20) | 9p7kG/(20)
< 99eVK6/(20) | o=0.97k6/(20) | 9,6/ (20)
= (22¢799 4 2)eM0/(20) < 110/ (20),
Therefore the proof of (13) is completed by induction on k.

To prove (14), we consider conditional expectation on dx_1.

Case 1: When |§;_1| < 2, note that [0p — 0g—_1| = 1x6 /0 < 2, this implies
|6k| < 4. In this range we have L(d)) < 67. So when |d;_1| < 2, we have
E[L(6)|6, k1] < (1= ®(85-1)) (61 — 6 /0) + ®(6k—1)(h—1 + W6 /0)?

= 81 — 206/ (1 = 20(6k-1))6k—1 + (0 /0)?

< (1= 0.95%6/0)0% y + (o /o)’

= (1—0.95v6/0)E[L(0k—1)|6, 6k—1] + (W6 /0)?
where the last inequality is due to the fact that (1 — 2®(0k—1))0k—1 >
0.4755,%71 when 6,1 < 2.

Case 2: When |0;_1| > 2, without loss of generality we assume 0;_1 > 2.
The opposite case §;_1 < —2 has the same result due to symmetry. Note
that L(z) < 4el*/21=1 we have
E[L(64)|6, 0p—1] < (1 — @(5,{71))46(%71ﬂké/O)/%l + (I)((;kil)46(6k71+’7k5’/0)/2*1

— 4eOk-1/2-1 ((1 — (g ))e /) @(51@71)67’6&/(2")) .

Note that we have d;_1 > 2 and 0 < 6 /0 < 2, this implies
(1 — ®(6_1))e %R0 L &(8,_1)ew /27 <1 —0.25v,6/0.
Substitute into above inequality we have
E[L(0k)|6, 0k—1] < (1 — 0.2576/0)E[L(Jk-1)6, 6—1].

Combine the two cases above we can conclude (14). O
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4. Proof of Lemma 8. The proof of Lemma 8(a) is identical to the
proof of Lemma 7(a) except that all the upper bounds are multiplied by 4.
To prove Lemma 8(b), we take conditional expectation on d;_1, and divide
the proof into two cases:

Case 1: When [0;_1| < 2, similarly we have |0;| < 4, in this range we
have L(8;) < &¢. So in this case we have

E[L(0k)|&,05-1] < (1 = ®(05-1)) (Sp—1 — 16 /0)" + @(0k—1) (p—1 + W5 /0)*
< Gj_y — 48/ (1 = 20(6-1))03_y + 6(76/0)05_y + (w5 /o)’
< (1= 0.957%6/0)05_1 + 6(15/0)?07_q + (6 /)"
= (1 — 09576 /0)E[L(84—1)|5, 1] + 6(x6 /) 2071 + (6 /o)™,
Case 2: When |0;_1| > 2, identical to proof of 7(b) we have
E[L(6k)|6, 0k—1] < (1 — 0.257%6/0)E[L(6k-1)|6, 6—1]-

Combine the two cases above and take expectation with respect to d,_1,
we have

E[L(6x)[6] < (1-0.259,6/0)E[L(35-1)[6, 6k —1]+6(145/0)*E[6} 1 |6]+(1x5/0)*.

and finally we can conclude (17) by substitute the upper bound of E[67_,|5]
given in Claim 1. O

5. Proof of Lemma 9. We prove this lemma by induction. We intend
to prove the lemma by assuming that Lemma 9 holds when the number J
in the statement is replaced by J — 1.

Note that by the assumption of induction we have

J 27-3 |(1—1)27 4201 1-29

> DRSS DI

J=11=1 |k=(-1)27+1 k=(1—-1)27+27-141

J—127-1-7 |(1-1)27 4291 1.94

= DRSS DI

J=1 1=1 |k=(-1)274+1 k=(1—1)27+27-1+41
J—127-1-3 [(1-1)27 4271 1.99

—'l— E E ak+2J71 - E ak+2J71
J=1 1=1 |k=(1—1)2/+1 k=(1-1)27427—14+1
2]*1 2J

+ ap — E ag
k=1 k=27-141
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where u = 2-(/—1 Zii_ll ar is the mean of the first half of the sequence

and v = 2= (/-1 iizj_lJrl ay, is the mean of the second half. Therefore, in

order to prove the lemma it suffices to show that

sup C3-277 -1 </ \/—logtdt—i—/ \/—logtdt> + 277 u — o)
utv=2w,0<u,v<1 0 0
w
< 03-2J\/7/ \/— log tdt.
0

Let € = w — u, the above inequality is equivalent to

(25) sup Gw(e) <Cs- 2\/3/ v/ — log tdt
0<e<wA(l—w) 0
where

(w—e)
G rw(e) L 05/ T =1 (/ \/—logtdt+/
0 0

(wte)

\/—logtdt> +2¢, 0<e<wA(l-w).

Note that G j,,(€) is concave as a function of €, thus it takes the maximum
value at a unique point €* € [0, wA(1—w)]. Also by concavity of (v/—logt)’ =

loge
o/ Toat Ve have
dG j.(€) 2eloge
S — T =1 (VA log(w—e)) +2 < ~Cyy/T — 1L 42
de sV V= log(w + ) =/~ log(w ? 2wy Togw
The above inequality implies when e > & \/—Vb{i ;” we have dc‘g?(e) < 0.
This in turn implies e* < 2wy _loew _logw . Therefore, we can conclude

C3v/J—1loge’

w+/— log w
sup G Jw Gjw <2C3vJ / v/ —logtdt + 2——————
0<e<wA(1—w) Taul€) = Gr(€7) ° ng/iloge

<(203VJ -1+ —Fr—— / v/ — log tdt.
_< ’ Cg\/JllOgt?) 0 8

By choosing C3 large enough, the inequality 2C3v/J — 1 + ﬁ <
2C3+/J can be made to hold for all J > 2. Therefore we conclude (25). [

DEPARTMENT OF STATISTICS

THE WHARTON SCHOOL

UNIVERSITY OF PENNSYLVANIA

PHILADELPHIA, PENNSYLVANIA 19104

USA

E-MAIL: tcai@wharton.upenn.edu
hongjiw@wharton.upenn.edu

URL: http://www-stat.wharton.upenn.edu/~tcai/


mailto:tcai@wharton.upenn.edu
mailto:hongjiw@wharton.upenn.edu
URL: http://www-stat.wharton.upenn.edu/$\sim $tcai/

	Introduction
	Distributed estimation framework and distributed protocols
	Main results and our contribution
	Related Literature
	Organization of the paper
	Notation and definitions

	Problem Formulation
	Optimal Adaptive Estimation under the independent protocols
	Lower bound analysis
	Optimal estimator under the independent protocols - q

	Optimal Adaptive Estimate under Interactive Protocols
	Optimal estimator under the sequential protocols
	Lower bound under interactive protocols

	Numerical Results
	Discussion
	Proofs
	Proof of Theorem 1
	Bound integrated integrated squared Hellinger distances I

	Proof of Theorem 2
	Proof of Theorem 3
	Proof of Lemma 1
	Proof of Lemma 2
	Proof of Lemma 3

	Supplementary Material
	References
	Proof of Lemma 4
	Proof of Lemma 6
	Proof of Lemma 7
	Proof of Lemma 8
	Proof of Lemma 9
	Author's addresses




